Introduction
The initial purpose of this investigation was to provide an asymptotic understanding of the number of leaves of the minimal spanning tree of n points chosen at random from the unit square. To set this problem precisely, as well as to make clear the more general results which will be established, we begin with some notation.
By G = (V, E) we denote a connected graph with vertex set Vand edge set E. We also assume that there is a weight function w: E -R which assigns a real number to each edge in E. A minimal spanning tree TofG is a connected graph with vertex set V and edge set E' C E such that E w(e)=w(T) eEE' the successful analytical treatment of such Euclidean trees rests on articulating an approximate self-similarity between a subset of the tree and the whole tree. This method is closely related to subadditive techniques for Euclidean functionals, and the present application to the number of leaves also extends the domain of problems to which subadditive methods are effective. Earlier work with the type of subadditive method used here always seemed to deal with the lengths determined by optimality conditions. (See e.g. Beardwood et al. (1959) , Steele (1981a,b) , or Hochbaum and Steele (1982) ). For some understanding of the applications of minimal spanning trees in computer science, one can consult Bentley (1978) , Chin (1978), Jung (1974) , Kang (1977) , Katajainen (1983) , and Whitney (1972). For some examples of applications of minimal spanning trees in physical sciences and biology, one can consult Mallion (1975) , Penny (1980) , Romane (1977) , and Wu (1977).
Three main results will be proved here, but the following readily digested theorem motivates and underlies the whole development. The exact value of the constant a is not known, but Monte Carlo simulation results suggest that a = 2/9 is a reasonable approximation. We will provide a proof that a > 0, but the only analytical bounds we can provide on a are very conservative. Further comments on the possibility that a exactly equals 2/9 are given in Section 6.
The conclusion of Theorem 1 can be extended to arbitrary dimension and arbitrary vertex degree. Naturally, the associated constants depend upon the dimension d and on the vertex degree. In the case of k = 1 and d = 2, one has V1,n = Ln and the constant a1,2 is simply a, the constant of Theorem 1. One should note also that for each dimension d there is an integer Dd The third theorem shows that one can relax the assumption that the Xi, 1 i ' n, are uniformly distributed. Curiously, it does not seem possible to extend our results to completely arbitrary distributions. In particular, considerable mystery remains about the number of leaves of minimal spanning tree samples from a distribution with singular support. The difficulty of dealing with the contributions due to a singular component of the distribution of the Xi is peculiar to the problem of vertex degrees and has not arisen in the earlier work on subadditive Euclidean functionals.
One interesting aspect of the limit theory of Vk,f for absolutely continuous random variables with compact support is that the limit of n -1 Vk, does not depend on the underlying distribution. In particular, we have the following result. Before digging into the proof of these results, it seems worth giving more details on application of Theorem 3 to the theory of non-parametric multivariate tests. In particular, we consider the work of Friedman and Rafsky (1979) which gives an elegant extension of the Wald-Wolfowitz runs test to multivariate samples by using the minimal spanning tree to suggest a proper analogue for the number of runs in a sequence. If one is given two samples of sizes n and m from two distributions F, and Fy in Rd, one can test Ho: F, = Fy by constructing the minimal spanning tree of the joint sample, removing all the edges of the tree which join observations from different samples, and letting R denote the resulting number of subtrees. Small values of R would lead to the rejection of Ho. The expectation of R does not depend on the degrees, and equals 1 + 2nm/(n + m) just as in the classical test of Wald and Wolfowitz. In the general case, Friedman and Rafsky found the variance of R conditionally on C, the number of edge pairs that share a common node. If we let di be the degree of the ith vertex of the MST of the joint sample, then since 2 ½In" di = The proof of preceding theorems will be given in the next four sections. In Section 2 we collect some basic combinatorial observations. Section 3 proceeds to obtain the behavior of the expectations EVk,n by using a Poisson embedding, subadditivity arguments, and the application of a Tauberian theorem.
The fourth section uses the Efron-Stein inequality to obtain a good bound on the variances of Vk,n. Traditional Chebyshev and interpolation techniques are then used to complete the proof of Theorem 1 and Theorem 2. Section 5 shows how a lemma due to Strassen (1965) can be used to extend Theorem 2 first to densities with compact support, then to general densities. Section 6 collects the information which is available on the constants ak,d. The final section reviews some open problems and provides perspective on the way the asymptotic theory of vertex degrees fits into the theory of subadditive functionals and relates to the idea of fractals.
Combinatorial observations
The next four lemmas are free of any probability theory. They focus on the basic combinatorial geometry of minimal spanning trees. (This is a traditional necessary and sufficient condition for an edge to be in a MST.) Since e c B, we see A n B and AC n B is a non-trival partition of B. Because of (2.1) the edge e will then satisfy (2.2) 1el _ min{ e'l: e' n n B 0 and e' nA n B 0}.
By the cited necessary and sufficient condition for an edge to be in the minimal spanning tree of B, we see that (2.2) guarantees e E MST(B).
One important consequence of Lemma 2.1 is that it shows that only a few of the elements of {x, x2, *-, xn} can have different degrees in the MST(x1, x2, , x,, xn + ) than they have in the smaller tree MST(xl, 2, *, xn). This is made quantitative as follows. One way in which Lemma 2.2 will be used is expressed in the following corollary.
Corollary. If {xl, x2,* * *, x} and {xl, x2, * *, x' } are any two finite subsets of Rd, and if h is the cardinality of the symmetric difference of these sets, then there are at most 2h(4D -2) vertices which have different degrees in MST{x, x2, * ', x } and MST{x', x2, *·, x4 }.
As given above, the proof of the corollary is immediate. With more thought, one can provide a bound of h (4Dd -1), but the essential point is the linearity in h.
Although we are concerned with the degrees of vertices, we will find it useful to have some information about the length of minimal spanning trees. By summing (2.5) and using the fact that ml = 0, we see
which establishes the lemma with c2 = 2c, Since y was defined as the limit infimum of V/, the fact that e > 0 was arbitrary in inequality (3.11) says that limto y/(t) = y. The asymptotic behavior of EVk,n can be extracted from (3.7) by means of a Tauberian argument. An easy Tauberian theorem to apply is the following. Here, of course, the notation limeo + g(e) means the limit ofg(e) as e -0 for e>0. This result due to Schmidt (1925) 
Proof. If we let h denote the number of vertices of degree k in the minimal
spanning tree of {X,, X2, .., Xn-}), then h is certainly symmetric. We also note that to replace h in 2, 1 (hi -h)2 by Vk,n will only make the sum larger, so 
Extension to general densities
The proof of Theorem 2 depended heavily on the assumption that the points were uniformly distributed. In this section we will extend the result to arbitrary densities of Rd. We first treat the case of densities with bounded support, and we begin by constructing a family of densities { f}, which we will call the family of blocked densities. From the construction of the family of blocked densities, we will see that, under the L -norm, it will be dense in the set of all densities on the unit Since the bounds on a which are provided by constructions like the one just given are so intrinsically crude, we do not pursue the numerical evaluation of q.
It seems hopeless to find an analytic approach that will determine the values of ak,d. Consequently, we have performed some limited computer simulations for d = 2 in an effort to begin to understand the behavior of the ak,2. In Table 1 we report the results. The size of the simulated tree is denoted by n, and for each n 2k, 4 < k < 16, 20 MST were simulated. In our estimates for ak,2, the aj were taken to be the average fraction of observed vertices of degree j, 1 j 5. Probably the most intriguing speculation to emerge out of the Monte Carlo estimates is that a = al,2 (the proportion of leaves) is decently approximated by 2/9. The simulations do not strongly support the possibility that a exactly equals 2/9; but, in this connection, it is still interesting to note that Prodinger (1986) 
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We see no way to connect the two models, but the coincidental appearance of the unusual fraction 2/9 seems remarkable enough to mention. Some caution should be given concerning any conjecture that a = 2/9. In fact, before careful simulations were done, we felt the hypothesis a= 0 was reasonable. This speculation arose because we erroneously thought that leaves had to be near the edge of the point cloud, not in the middle. This false start made clear for us that simulation and analogy are not always trustworthy guides in this area. Roberts (1968) , (1969) give some simulation results which are related to those we have done. In particular, Roberts (1968) gives results concerning the average length of a branch of the MST when the data are sampled uniformly from the unit sphere in two and three dimensions. The results of Roberts (1969) give interesting information concerning the probability that a point of a Poisson process is the nearest neighbor of n other points.
Concluding remarks
As the last section reveals, there are many open issues concerning the constants ak,d. Progress on these problems would be very interesting, but such progress is not likely to be forthcoming. For that reason, we focus here on the interesting analytical problems which remain concerning Vk,n in view of the relative completeness of our analysis assuming the X, are absolutely continuous random variables.
In the first place, we should acknowledge that we have treated a result like the strong law of large numbers, yet we have no knowledge concerning a possible central limit theorem. This is an inversion of traditional developments, but there seems to be serious difficulty in developing a central limit theory for non-linear functionals like our Vk,n.
A second mystery concerns the behavior of Vk, for singular measures. To be specific, suppose Xi') = Jt 1 3 -and Xi2 = j= 1i 3-j, where i, and are identically distributed, jointly independent sequences such that The issue with the Vk, functional is quite distinct. We suspect that for the Xi, 1 i < oc, defined above, one has Vk,n -ckn for some Ck > 0. This is in rather surprising contrast to the other parts of the theory of subadditive functionals. There is also an interesting second layer of subtlety which rests on the fact there is no reason to suppose that ck equals the ak2 of the absolutely continuous case. The question of the number of leaves of a minimal spanning tree of a random sample from a singular distribution might well have a close relation to the fractal nature of the support. If that connection is born out, it will provide yet another instance where self-similarity (or approximate self-similarity) ties into fractal geometry. For several examples of more traditional probability theory which mixes the elements of self-similarity, fractals, and singular measures, one can consult the interesting paper of Hughes et al. (1982) . For much interesting speculation, the classic source is, of course, Mandelbrot (1977) .
